Let (A, m, k = A/m) be a noetherian local ring. Then it is equivalent n = dim A = dim k m/m 2 and Tor
1 Theorem and Proof
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Auxiliary Results
We start with some results used later in the proof. Write L i−1 as L i−1 = Ae 1 ⊕ · · · ⊕ Ae r and let z = a 1 e 1 + · · · + a r e r ∈ Z. If there is a 1 / ∈ m, therefore a 1 ∈ A * , one can assume a 1 = 1 without restriction of generality. So we have the equation
and the summand A e 1 in L i−1 would be superflous and one could chose L i−1 with smaller rank.
At the next step one choses L i with minimal rank and a surjective map L i → Z → 0 and proceeds with the construction inductively. 
We use this formula several times in the proof without explicitly referring to it. a) The homological dimension gldh A is finite. In this case it holds automatically that n = gldh A = dim A.
Main Theorem
where k = A/m is the residue field of A.
Proof. We will call a ring that fulfills b), c) oder d) geometrically regular. A ring that fulfills a) we call cohomologically regular. First, because of the Nakayama-Lemma and because m must be generated by at least n elements, b) is equivalent to c). Furthermore we have then a surjection
Now let d) hold: Ifx i is the image of T i in m/m 2 and x i ∈ m a preimage, then x 1 , . . . , x n is a regular sequence in A. Therefore K • (x 1 , . . . , x n ) → k → 0, the Koszul-complex for the x i , is a free resolution of length n of k. So we have Tor j (k, M ) = 0 for j > n and Tor n (k, k) = k = 0. This shows A is cohomologically regular with gldh A = n. Now let, for the reverse direction, (A, m) be a local noetherian ring with gldh A < ∞. We show by induction over dim A, that A is then a geometrically regular ring too.
Step 1 First for dim A = 0 the ring A is an artinian ring and depth A = 0. So we have gldh A = depth A + pd A A = 0 and especially dim A = gldh A = 0.
It follows that pd A k = 0 so that k is projective, therefore free, so that k = A r . With − ⊗ A k it follows r = 1, so A = k and m = 0. This closes the case dim A = 0.
Step 2 Now let dim A = n and assume the theorem already proven for dim A < n.
Choose a prime ideal p ⊆ m with dim A p = n − 1 and consider the free A-resolution
It is of finite length. Tensoring by A p gives a finite free A p -resolution of k(p) = A p /pA p . Therefore we have Tor Ap ν (k(p), k(p)) = 0 for all ν ≫ 0. So it is gldh A p < ∞ and by the inductive assumption gldh A p = dim A p = n − 1. The shortest free resolution
has therefore at least the length r n − 1. Now it is pd A/p + depth A/p = gldh A. Also we have depth A/p 1. Therefore gldh A r + 1 n. Furthermore pd A + depth A = gldh A n. As pd A = 0 it is depth A n and by depth A dim A = n also depth A = dim A = n. So we have gldh A = n = dim A and A is a Cohen-Macaulay-ring.
Step 3 Let p i be the prime ideals of Ass A, all minimal. Then it holds m ⊂ m 2 ∪ i p i . So a g ∈ m − m 2 , exists, which is not a zero-divisor in A and gives an exact sequence 0
Step 4 In this step we prove the following lemma, which we formulate explicitly because of its importance and usefulness: 
Proof. We consider in the derived categories of A and A ′ -modules the identity
which is the expression of the change-of-ring spectral sequence in derived category notation.
To understand the following it is just necessary to know, that
and with 
As the image of A ′ (1,0,...,0)
, that is with a matrix representation for all d i with entries from m A ′ . Calculation in the derived category then gives
where in the last complex all derivations are zero. So it is
The right side in (3) is P • ⊗ A k where P • → k is a free A-resolution of k. Comparing cohomology of the two equal (in the derived category) complexes right and left we have Tor
and the lemma is proven.
Step 5 Now in our case where gldh A < ∞ we have, that Tor A p (k, k) vanishes for all p ≫ 0 and so does Tor A ′ p (k, k) by the lemma of step 4. So we have gldh A ′ < ∞ and by induction, that A ′ = A/gA is a geometrically regular local ring of dimension n − 1. Therefore A is a geometrically regular local ring of dimension n.
